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This paper applies ideas from Morse theory to a problem in statistics. Specifically, the autho
consider pairs of random variablés andY which take on only finitely many values. The goal
Is to understand the possibilities for a third unobserved random variaigch thatX andY
are conditionally independent given This is equivalent to understanding factorizations of the
stochasticn x n matrix V' = (v; ;), wherev; ; = P(Y = y;|X = x;), as a product = UW,
whereU is anm x r stochastic matrix}¥” is anr x n stochastic matrix and = rank(V"). Let
SF,.(V) be the space of all such factorizations &8, (V) the quotient modulo the symmetric
group.sS, acting on columns d/ and rows ofi¥/, i.e., modulo aliasing af. One result of this paper
is a characterization & F,.(V) in terms of the space of orderéd— 1)-simplices lying between
two polyhedra inR"~!. As a consequence, it is shown that, for 2, SF, (V') is homeomorphic
to an interval. For = 3, SF3(V') may be empty, a homotopy circle or homotopy equivalerit to
points for0 < k < m + n. If columns of V' are “nearly parallel”, thers F,.(V') is proven to be
homotopy equivalent to the space(ef— 1)-simplices with vertices on thg- — 2)-sphereS” 2,
For higher ranks, Morse theory is developed to help understand the homology of the space
factorizations.
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